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Abstract
Let R ⊆ S be an extension of integral domains. If each intermediate ring in this extension is inte-
grally closed in S, then (R, S) is called a normal pair. We investigate in this work the set of intermediate
rings in such ring extensions. We establish several results and equations concerning the cardinality
of the set of intermediate rings. In particular, we give a way to compute the number of intermediate
rings in normal pairs with only ﬁnitely many intermediate rings.
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1. Introduction
Let R ⊆ S be an extension of commutative integral domains. We assume throughout the
paper that R is not a ﬁeld, and we denote by K the ﬁeld of fractions of R. An intermediate
ring in the extension R ⊆ K is usually called an overring of R. If T is a subring of S, we
assume that T has the same identity element of S. The set of subrings of S that contain R is
called the set of intermediate rings in the ring extension R ⊆ S. We let [R, S] denote this
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set. We are mainly interested in the pairs (R, S) for which the following two conditions are
fulﬁlled:
(1) Every T ∈ [R, S] is integrally closed in S.
(2) The set [R, S] is ﬁnite.
Any of these two conditions easily implies that S is contained in K. Therefore, we assume
that S is a subring of K.
We investigate in this work the number of intermediate rings in such extensions. The
pairs of rings (R, S) for which each intermediate ring is integrally closed in S are called
normal pairs. These pairs are a natural generalization of Prüfer domains and their ﬁelds
of fractions. The set of intermediate rings in a normal pair and the set of overrings for a
Prüfer domain have quite similar properties. Normal pairs were ﬁrst deﬁned and studied by
Davis in [7], then further investigated by Ayache and Jaballah in [3,14,15]. Most of these
investigations have also been presented in [8, p. 226–231]. The main purpose of [3] is the
study of residually algebraic pairs, which are shown to be normal if R is integrally closed
in S according to Theorem 2.10 (iv) of [3].
Necessary and sufﬁcient conditions for the ﬁniteness of the number of intermediate
rings in such ring extensions have been obtained in [1,2,10,15]. Several approximations for
the number of intermediate rings in these ring extensions are given in [3–5,14]. Ref. [13]
presents a survey for related results. An algorithm to compute the exact number of overrings
of an integrally closed domain has been recently provided in [12]. The main purpose of
this paper is to investigate the cardinality of the set of intermediate rings in more general
ring extensions R ⊆ S, and to obtain the exact number of these rings. We establish several
equations for the cardinality of the set of intermediate rings, see Theorems 3.4 and 3.6.
These results enable us to give the exact number of intermediate rings, see Theorem 4.1,
hence generalizing the results obtained in [12], and improving the approximations for this
number obtained in [3,14], see Corollaries 4.2, 4.3, and 4.4. We also show that a certain
subset of Spec(R), related to this ring extension, is a tree generalizing the well-known fact
that the spectrum of a Prüfer domain is a tree, see Theorem 2.4 and Remark 2.5.
After this introduction, in Section 2, we establish several results relating localization at
certain prime ideals of R to the intermediate rings in the ring extension R ⊆ S. Results
concerning the cardinality of some sets of intermediate rings are established in Section 3.
In Section 4 we provide a way to compute the number of intermediate rings in normal pairs
with only ﬁnitely many intermediate rings. These results enable us to derive several previous
approximations and calculations. In particular, our investigations show that the number of
intermediate rings depends on a special set of prime ideals of R and how these ideals inside
this set are ordered by the usual inclusion.
In the following we let Spec(R) denote the set of prime ideals of the integral domain
R, and Max(R) denotes the set of its maximal ideals. Any ideal (resp., prime ideal) of R
is called an R-ideal (resp., an R-prime) and for any R-primes p ⊂ q, we denote by [p, q]
the set of R-primes containing p and contained in q. If R ⊂ S is an extension of integral
domains, we denote by  the contraction map from Spec(S) to Spec(R), i.e. (q)= q ∩R
for each prime ideal q of S. We use ‘⊂’ to denote proper containment and ‘⊆’ to denote
containment. For any set A, |A| will denote the cardinality of this set.
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2. Prime ideals and intermediate rings
In this section, we establish several results that exhibit important properties that relate
prime ideals and intermediate rings in normal pairs. These pairs enjoy many properties
satisﬁed by Prüfer domains. A Prüfer domain is characterized by the fact that each of its
overrings is integrally closed, see [9]. Normal pairs are deﬁned by the following similar
property, see [7].
Deﬁnition 2.1. Let R ⊆ S be a an extension of integral domains. If each ring T from [R, S]
is integrally closed in S, then (R, S) is called a normal pair.
Recall that a prime ideal Q of a ring R is called divided ideal whenever it is comparable
to every prime ideal of R. We also recall the following two results, as they are needed in
the proofs of the results of this paper.
Lemma 2.2. Let R ⊆ S be an extension of integral domains, and assume that R is quasilo-
cal and integrally closed in S. Then the following statements are equivalent:
(i) (R, S) is a normal pair.
(ii) For every ring T in [R, S], there exists a divided ideal Q of R such that T = RQ.
(iii) The set [R, S] of intermediate rings is totally ordered by inclusion.
Proof. See Theorem 2.5 of [3]. 
Lemma 2.3. Let (R, S) be a normal pair and let Max(R) = {Mi : i ∈ I }. Then for
each Mi ∈ Max(R), there exists a prime R-ideal Qi , such that the following statements
hold true:
(i) SR\Mi = RQi and S =
⋂
Mi∈Max(R)SR\Mi =
⋂
Mi∈Max(R)RQi =
⋂
i∈IRQi .
(ii) Spec(S) = {PS : P ⊆ Qi for some Mi ∈ Max(R)}.
(iii) Max(S) is the subset of maximal elements in the set {QiS : Mi ∈ Max(R)}.
Proof. See Lemma 3.1 of [3]. 
The primes Qi deﬁned by Lemma 2.3 are going to play an important role in the results
of this paper. First we recall from [15] the following subset of Spec(R):
Spec(R, S) := {P ∈ Spec(R) : P /⊂ Qi,∀Mi ∈ Max(R)}.
The next result explains how the elements of Spec(R, S) are ordered by the usual set
inclusion.
Theorem 2.4. Let (R, S) be a normal pair, and let P, P1 and P2 be elements of Spec(R, S).
If P1 ⊆ P and P2 ⊆ P , then P1 ⊆ P2 or P2 ⊆ P1.
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Proof. Let M be a maximal R-ideal containing P. Thus (RM, SR\M) is a normal pair. There
exists then by Lemma 2.2 a divided prime QRM of RM such that SR\M(RM)QRMRQ,
where Q is a prime of R such that Q ⊆ M . Hence the prime ideals QRM and P1RM
are comparable as QRM is a divided prime ideal of RM . P1RM ⊆ QRM implies that
P1 ⊆ Q, which is not possible as P1 ∈ Spec(R, S). Therefore necessarily QRM ⊆ P1RM .
It follows by contraction in R that Q ⊆ P1 and that RP1 ⊆ RQ. We also have RM ⊆
RP1 as M ⊇ P1, hence RP1 ∈ [RM, SR\M ] = [RM,RQ]. Similarly RP2 ∈ [RM, SR\M ],
hence RP1 and RP2 have to be comparable as [RM, SR\M ] is totally ordered by inclusion by
Lemma 2.2. Therefore, P1 ⊆ P2, or P2 ⊆ P1. 
Remark 2.5. (i) Let (R, S) be a normal pair. If S = K is the ﬁeld of fractions of R, then
R is a Prüfer domain, KR\Mi = R{0} and the ideals Qi deﬁned by Lemma 2.3 are all equal
to the {0}-ideal. Hence Spec(R,K)= {P ∈ Spec(R) : P /⊂ {0}} = Spec(R)\{0}, therefore
Theorem 2.4 provides a generalization, from Spec(R) to Spec(R, S), of the well-known
fact that for each Prüfer domain R, the partially ordered set Spec(R), ordered by the usual
set inclusion, is a tree.
(ii) If (R,K) is a normal pair for which [R,K] is assumed to be ﬁnite, then K turns out to
be a Prüfer domain of ﬁnite spectrum by Theorem 1.5 of [10]. This case has been dealt with
in [12]. If we further assume that R is Noetherian, then R is a semilocal Dedekind domain.
There is no similar characterization in the case where S 	= K and R Noetherian. However, it
holds true that S is always the intersection of some localizations of R by Lemma 2.3. For an
example of a normal pair (R, S) for which R is not a Prüfer domain, it is enough to consider
an integrally closed Noetherian domain that is not a Prüfer domain, hence necessarily of
Krull dimension 2, then let S = ⋂M∈Max(R),ht(M)2RM . (R, S) is a Noetherian pair
by Theorem 8 of [16], and is therefore a normal pair by Proposition 4.6 of [3]. Moreover
S 	= K and S is not a Dedekind domain since SM =RM for each maximal ideal M of R with
htM2. On the other hand it is easy to give examples of Prüfer domains R and overrings
S for which [R,K] is inﬁnite but [R, S] is ﬁnite.
Let (R, S) be a normal pair, let Qi be an R-prime ideal such that there exists at least one
maximal R-ideal M satisfying SR\M = RQi , and let U(Qi) = {Mij , j ∈ Ii} denote the set
of all such ideals, that is
U(Qi) = {M ∈ Max(R) : SR\M = RQi } = {Mij ∈ Max(R) : j ∈ Ii}.
In order to formulate our next results we also need to consider the following sets:
W(Qi) =
⋃
j∈Ii
[Qi,Mij ],
and for any overring T of R, and any subset A of Spec(R).
TA =
⋂
p∈A
TR\p.
We present now some terminology needed in the next result. Let S be an integral domain,
let I be an ideal of S, and let D be a subring of S/I , and consider the pullback construction of
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commutative rings:
R → D
↓ ↓
S → S/I
Following [6], we say that R is the domain of the (S, I,D) construction, and we set
R := (S, I,D).
Lemma 2.6. Let (R, S) be a normal pair, let M ∈ Max(R), and let Q be the prime of R
such that SR\M = RQ. Then (RU(Q), RQ) is a normal pair.
Proof. The result of this lemma is trivial if Q ∈ Max(R). Suppose Q /∈ Max(R) and let
Mi ∈ U(Q). ThenSR\Mi=RQ, the primem=QMi=QRQ is divided inRMi andVi=RMi/m
is a valuation domain with quotient ﬁeld KSR\Mi /m. Thus RMi is the pullback deﬁned by
RMi=(RQ,m, Vi). Therefore,RU(Q)=(RQ,m,D), whereDRU(Q)/m(∩RMi )/m∩
Vi . It follows that D is a Prüfer domain with quotient ﬁeld K. Hence (RU(Q), RQ) is a normal
pair by Proposition 5.1(ii) of [3]. 
Theorem 2.7. Let (R, S) be a normal pair, let Qi be an R-prime ideal such that U(Qi)
is a nonempty set, and let U(Qi) = {Mij , j ∈ Ii}. Then for any intermediate ring T ∈
[⋂j∈IiRMij , RQi], there are prime R-ideals Qij ∈ [Qi,Mij ], j ∈ Ii , such that T =⋂
j∈IiRQij .
Proof. Let D =R\⋃j∈IiMij and let A=D−1R =⋂j∈IiRMij . Thus (⋂j∈IiRMij , RQi )=
(A,RQi ) is a normal pair by Lemma 2.6. Each prime ideal of A = D−1R is an extension
QA = D−1Q of a prime ideal Q of R. For each maximal ideal MijA of A, there is a prime
A-ideal QijA such that TA\MijA = AQijA and T =
⋂
j∈Ii TA\MijA =
⋂
j∈IiAQijA. We also
have AQijA = C−1(D−1R) = C−1R = RQij , where C = R\Qi ⊇ D = R\
⋃
j∈IiMij and
C is the image of C in D−1R. Thus T =⋂j∈IiRQij . Moreover T ∈ [⋂j∈IiRMij , RQi ]
implies that AQilA = TA\MilA ∈
⎡
⎣
⎛
⎝⋂
j∈Ii
RMij
⎞
⎠
A\MilA
, (RQi )A\MilA
⎤
⎦=
⎡
⎣
⎛
⎝⋂
j∈Ii
AMijA
⎞
⎠
A\MilA
, (RQi )A\MilA
⎤
⎦
= [AMilA, RQi ]
= [AMilA, AQiA].
Therefore, we have QilA ∈ [QiA,MilA], yielding Qil ∈ [Qi,Mil] as required. 
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3. Cardinality of the set of intermediate rings
In this section we establish two results concerning the cardinality of the set of intermediate
rings in normal pairs, see Theorems 3.4 and 3.6, which are going to be used later for
computing the number of intermediate rings.
We begin by proving some useful facts which are going to play an important role in the
proof of our next results.
In order to formulate the next result we need to consider the following set:
M(I ) = {M ∈ Max(R) : M ⊇ I }
for any R-ideal I.
Proposition 3.1. Let (R, S) be a normal pair, let Max(R) = {Mi, i ∈ I }, and let {Qi ,
i ∈ I } be the set of primes in R such that SR\Mi = RQi . Then the following statements
hold true.
(i) W(Qi)\{Qi} ⊆ Spec(R, S)\(Spec(S)), for every i ∈ I .
(iii) For every Qi 	= Qj such that Qi and Qj /∈ Max(R), for every P ∈ W(Qi)\{Qi}, and
for every P ′ ∈ W(Qj)\{Qj }, the primes P and P ′ are incomparable. In particular
W(Qi) ∩ W(Qj) =, for every Qi 	= Qj .
(iv) If Qi /∈ Max(R), then for every P ∈ W(Qi)\{Qi}, we haveM(P ) ⊆ U(Qi).
Proof. (i) If Qi ∈ Max(R), then W(Qi) = {Qi} and the assertion is clear. Suppose
Qi /∈ Max(R) and let P ∈ W(Qi) such that Qi ⊂ P . There is Mj ∈ U(Qi) such that
Qi ⊂ P ⊆ Mj and SR\Mj =RQi . By way of contradiction, suppose that P /∈ Spec(R, S)\
(Spec(S)). Then P ⊆ Qk ⊆ Mk , for some k ∈ I . Hence PS 	= S which gives PS ∈ Spec(S)
and (PS)R\Mj ∈ Spec(SR\Mj ) = Spec(RQj ). Therefore, (PS)R\Mj ⊆ QiRQi implies by
contraction in R that P ⊆ Qi , a contradiction.
(ii) For Qi 	= Qj , i and j in I and Qi,Qj /∈ Max(R), let P ∈ W(Qi)\{Qi} and P ′ ∈
W(Qj)\{Qj }. Suppose that P ′ ⊆ P and let Mk ∈ U(Qi) (resp., Ml ∈ U(Qj )) such that
Qi ⊂ P ⊆ Mk (resp., Qj ⊂ P ′ ⊆ Ml). It follows that, Qj ⊆ Mk . Then (Qj )R\Mk ∈
Spec(SR\Mk)= Spec(RQi ) which gives Qj ⊂ Qi . On the other hand, since P ′ ⊆ P ⊆ Mk
andP ′ /∈(Spec(S)) (assertion (i)), thenQi ⊂ P ′ ⊆ Ml implies in the same wayQi ⊂ Qj ,
a contradiction.
(iii) Let P ∈ W(Qi)\{Qi} and M ∈ M(P ). There is a divided R-prime ideal Q′i of
R such that SM = RQ′i . Since M ⊇ P , then P and Qi are comparable. By assertion (i),
P /∈(Spec(S)). Then Q′i ⊂ P , which implies that P ∈ W(Qi)∩W(Q′i ). Necessarily we
get Qi = Q′i by Proposition 3.1(ii). Thus M ∈ U(Qi). 
Corollary 3.2. Suppose that (R, S) is a normal pair such that [R, S] is ﬁnite. Then the
following statements hold true:
(i) For every i ∈ I , W(Qi) is ﬁnite.
(ii) {Qi, i ∈ I }\Max(R) is ﬁnite.
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Proof. (i) Since [R, S] is ﬁnite, then Spec(R, S)\(Spec(S)) is ﬁnite by Theorem 2.1(iii)
of [15], which implies by Proposition 3.1 that W(Qi) is ﬁnite.
(ii) Consider the mapping:
Max(R)\(Spec(S)) −→ {Qi, i ∈ I }\Max(R)
Mi −→ Qi.
For each Qi such that Qi /∈ Max(R), there is Mi ∈ Max(R) such that Qi ⊂ Mi and
SR\Mi = RQi . Hence Mi ∈ W(Qi)\{Qi} which gives by Proposition 3.1 that Mi /∈
(Spec(S)). Therefore the mapping is onto. Thus {Qi, i ∈ I }\Max(R) is ﬁnite. 
Remark 3.3. A careful reading of the proof of the previous Corollary shows that the state-
ment of Corollary 3.2(ii) is also valid for any semiquasilocal R and not necessarily ﬁnite
set of intermediate rings [R, S].
Theorem 3.4. Let (R, S) be a normal pair such that R is semiquasilocal; and for each
Mi ∈ Max(R) let Qi be the prime ideal of R such that SR\Mi = RQi . Assume that
Q1,Q2, . . . ,Qn are the distinct element of the set {Qi : RQi = SR\Mi , Mi ∈ Max(R)};
and let U(Qi)={M ∈ Max(R) : SR\M =RQi }. Then [R, S] is in bijective correspondence
with
∏n
i=1[RU(Qi), RQi ].
Proof. First note that the set {Qi : Mi ∈ Max(R)} is ﬁnite as Max(R) is ﬁnite. We assume,
after a suitable renumbering that Q1,Q2, . . . ,Qn are the distinct elements of this set and
that U(Qi)={Mij : 1jji}. We trivially have Max(R)=⋃ni=1U(Qi). This is a disjoint
union by Theorem 2.4. Now in order to prove the bijective correspondence of this theorem,
we consider the mapping:
 :
n∏
i=1
[RU(Qi), RQi ] −→ [R, S]
(T1, . . . , Tn) −→ T =
n⋂
i=1
Ti.
For any T ∈ [R, S], we have T = ⋂ni=1⋂jij=1TR\Mij by Lemma 2.3. Letting Ti =⋂ji
j=1TR\Mij and using Theorem 2.7, we have Qij ∈ [Qi,Mij ] such that Ti =
⋂ji
j=1RQij .
Hence T =⋂ni=1Ti =⋂ni=1⋂jij=1RQij , where Ti =⋂jij=1RQij ∈ [RU(Qi), RQi ], which
shows that  is onto.
In order to show that  is one-to-one, assume that T = ⋂ni=1Ti = ⋂ni=1T ′i , where
Ti, T
′
i ∈ [RU(Qi), RQi ]. By Theorem 2.7, there are Qij ,Q′ij ∈ [Qi,Mij ] such that Ti =⋂ji
j=1RQij and T ′i =
⋂ji
j=1RQ′ij . Hence, T is semiquasilocal and Max(T ) = max{QijT :
1 in, 1jji} = max{Q′ij T : 1 in, 1jji}, where max A denotes the set of
maximal elements of the set A. The sets W(Q1),W(Q2), . . . ,W(Qn) of prime ideals are
pairwise disjoints. LettingA={Qij : 1 in, 1jji} andA′={Q′ij : 1 in, 1j
ji}, we obtain that A and A′ are subsets of the disjoint union ⋃ni=1W(Qi). Thus, since
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max A = max A′, we have max A =⋃i=ni=1 max(A ∩ W(Qi)) = max A′ =⋃i=ni=1 max(A′ ∩
W(Qi)). Hence max(A ∩ W(Qi)) = max(A′ ∩ W(Qi)), for each i. Using the fact that
{Qij : 1jji} = A ∩ W(Qi), we obtain that
Ti =
ji⋂
j=1
RQij
=
⋂
Q∈A∩W(Qi)
RQ
=
⋂
Q∈max(A∩W(Qi))
RQ
=
⋂
Q∈max(A′∩W(Qi))
RQ
=
⋂
Q∈A′∩W(Qi)
RQ
= T ′i .
This shows that  is one-to-one and completes the proof of this theorem. 
Corollary 3.5. Under the notation and hypotheses of Theorem 3.4, if the prime ideals
Q1,Q2, . . . ,Qn are pairwise incomparable, then the cardinality of the set [R, S] of inter-
mediate rings is given by the equation
|[R, S]| =
∣∣∣∣∣∣
∏
N∈Max(S)
[RM(N∩R), RN∩R]
∣∣∣∣∣∣ .
Proof. Max(S) consists of the maximal elements of {QiS, 1 in} by Lemma 2.3. Here
Max(S) is exactly the set {QiS, 1 in} as the distinct Qi’s are pairwise incomparable.
Furthermore, we have (QiS)∩R=Qi , and U(Qi)=M(Qi) for each i, from which follows
the equation. 
We say that a prime ideal P covers the prime Q if Q ⊂ P , and there is no prime p such
that Q ⊂ p ⊂ P , that is Q ⊂ P are consecutive. We denote by (Q) the set of R-primes
P that cover the ideal Q.
Theorem 3.6. Let (R, S) be a normal pair, let M be a maximal R-ideal, and let Q be the
prime ideal of R such that RQ = SR\M . If [R, S] is ﬁnite and Q /∈ Max(R), then
|[RU(Q), RQ]| =
∏
P∈W(Q)∩(Q)
|[RM(P ), RQ]|.
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Proof. W(Q) is ﬁnite as [R, S] is ﬁnite, Corollary 3.2. Let P1, . . . , Pm be the primes of R
such that Pi ∈ W(Q) and Q ⊂ Pi are consecutive, 1 im. For each prime Pi covering
the prime Q, let Mi be a maximal ideal such that Q ⊂ Pi ⊆ Mi . We have Mi 	= Mj for
each i 	= j by Theorem 2.4 as Pi and Pj are not comparable. If m=1, then U(Q)=M(P1)
and the result of this theorem is trivial. Suppose m2. Then U(Q) is the disjoint union
U(Q) =⋃mi=1M(Pi) by Theorem 2.4 and Proposition 2.4. LetM(Pi) = {Mij , 1 iji}
and consider the following mapping:
 : ∏mi=1[RM(Pi ), RQ] −→ [RU(Q), RQ]
(T1, . . . , Tm) −→ T =⋂mi=1Ti .
By Theorem 2.7, for each T ∈ [RU(Q), RQ] there are Qij ∈ [Q,Mij ] such that T =⋂
i,jRQij =
⋂m
i=1
⋂ji
j=1RQij =
⋂m
i=1Ti , where Ti =
⋂ji
j=1RQij ∈ [RM(Pi ), RQ].
Hence T =(T1, . . . , Tm), showing that  is onto.
In order to show that  is one-to-one, assume that T =⋂mi=1Ti =⋂mi=1T ′i with Ti =⋂ji
j=1RQij , T ′i =
⋂ji
j=1RQ′ij ,Qij and Q
′
ij ∈ [Q,Mij ]. Thus the domain T is semiquasilocal
and we have Max(T )=max{QijT : 1 in, 1jji}=max{Q′ij T : 1 in, 1jji},
where max A denotes the set of maximal elements of the set A as in the proof of
Theorem 3.4.
If Qij = Q for every i and j , 1 im and 1jji , then the intersection⋂i,jRQij is
identical with RQ and we have T=⋂i,jRQij = RQ. Therefore, Ti = T ′i = RQ, ∀1 in.
Now assume that Qij 	= Q, for some i and j, 1 im and 1jji , and let B ={Qij :
1 in, 1jji}\{Q} and B ′ = {Q′ij : 1 in, 1jji}\{Q}.
By Theorem 2.4, it follows that B and B ′are the disjoint union B =⋃ni=1Bi and B ′ =⋃n
i=1B ′i , where Bi = {Qij : 1jji}\{Q} and B ′i = {Q′ij : 1jji}\{Q}. Thus as in
Theorem 3.4, we obtain that max B =⋃i=mi=1 max(Bi) = max B ′ =⋃i=mi=1 max(B ′i ).
Hence max(Bi) = max(B ′i ), for each i.
Using the fact that for each i, Ti =⋂jij=1RQij =RQ ∩ (⋂jij=1,Qij 	=QRQij ), we obtain that
Ti =
ji⋂
j=1
RQij
=RQ ∩
⎛
⎝ ⋂
P∈Bi
RP
⎞
⎠
=RQ ∩
⎛
⎝ ⋂
P∈max(Bi)
RP
⎞
⎠
=RQ ∩
⎛
⎝ ⋂
P∈max(B ′i )
RP
⎞
⎠
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= RQ ∩
⎛
⎝ ⋂
P∈B ′i
RP
⎞
⎠
= T ′i .
This shows that  is one-to-one and completes the proof of this theorem. 
4. Counting intermediate rings
In this section we establish several results that give the exact number of intermediate
rings in normal pairs. In order to state these results we recall the following deﬁnition
from [12].
For each ﬁnite subset A of Spec(R), a function  is deﬁned on A by:
(P ) =
{1 if P is a maximal ideal,∏
Q covers P (1 + (Q)) if P is not a maximal ideal.
Now combining Theorems 3.4 and 3.6, we obtain the following main result of this paper.
Theorem 4.1. Let (R, S) be a normal pair such that R is semiquasilocal, and let Q1,
Q2, . . . ,Qn be the distinct elements of the set {Q ∈ Spec(R) : RQ = SR\M , M ∈
Max(R)}. Then [R, S] is ﬁnite if and only if Spec(R, S) is ﬁnite; in which case the number of
intermediate rings is given by
|[R, S]| =
n∏
i=1
i (Qi),
where i is the restriction of the function  on the set Wi =⋃jij=1[Qi,Mij ].
Proof. [R, S] is ﬁnite if and only if Spec(R, S)\(Max(S)) is ﬁnite by Theorem 2.1(iii)
of [15]. But Max(S) ⊆ {Q1S, . . . ,QnS}, hence [R, S] is ﬁnite if and only if Spec(R, S)
is ﬁnite. On the other hand Max(R) =⋃ni=1U(Qi), which is a disjoint union by Theorem
2.4. By Theorem 3.4 it follows that
|[R, S]| =
n∏
i=1
|[RU(Qi), RQi ]|.
Then, it is enough to show that
|[RU(Qi), RQi ]| = i (Qi), for every i, 1 in.
We proceed by induction on the dimension of R/Qi . If dim R/Qi = 0, then Qi is a
maximal ideal and |[RU(Qi), RQi ]|= |[RQi , RQi ]|= 1= i (Qi). Assume by induction that
this equation is satisﬁed for every Q′ such that 0 dim R/Q′k and let dim R/Qi =k+1.
M.B. Nasr, A. Jaballah / Expo. Math. 26 (2008) 163–175 173
Note that [RM(P ), RQi ] = [RM(P ), RP ] ∪ {RQi }, for any prime P that covers the ideal
Qi . Indeed for any intermediate ring T ∈ [RM(P ), RQi ], there are primes Qij ∈ [Qi,Mij ],
Mij ∈M(P ), such that T =⋂jij=1RQij [Theorem 2.7]. If Qij =Qi for every j, 1jji ,
then T = RQi . If Qij 	= Qi for some j, then Qij ⊇ P by Theorem 2.4 as Qij ⊆
Mij ∈ M(P ). This implies that in this case we have T ⊆ RP . Thus [RM(P ), RQi ] ⊆
[RM(P ), RP ] ∪ {RQi }. The reverse inclusion is trivial.
Now let P1, . . . , Pji be the primes covering Qi . Then by Theorem 3.6, we have
|[RU(Qi), RQi ]| =
ji∏
j=1
|[RM(Pj ), RQi ]|
=
ji∏
j=1
(|[RM(Pj ), RPj ]| + 1)
=
ji∏
j=1
((Pj ) + 1)
= i (Qi)
as k = dim R/Pj < dim R/Qi = k + 1. This completes the proof of this theorem. 
In particular if R is a Prüfer domain with only ﬁnitely many overrings, then all the ideals
Qi are equal to the {0}-ideal. Thus we obtain, in the following corollary, the number of
overrings which is also the main result of [12].
Corollary 4.2 (Corollary 2.4 of Jaballah [12]). Let R be a Prüfer domain with only ﬁnitely
many overrings. Then the number of overrings of R is given by
|[R, qf (R)]| = ({0}).
We recall from [3], Remark 2.3, that a graph is called Y-graph if it can be drawn in the
shape of the letter Y. Spec(R, S) is a tree by Theorem 2.4. If it has noY-graph as a subgraph,
then it consists as a graph of chains, with the Mi’s at the top and the suitable corresponding
Qi’s at the bottom. These chains might only meet at the bottom.
A Y-free Spec(R, S)
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Letting hij =height(Mij /Qi), and applying the function  to Spec(R, S), we obtain that
i (Qi) =∏j (1 + hij ), and that
|[R, S]| =
n∏
i=1
i (Qi)
=
n∏
i=1
ji∏
i=1
(1 + hij )
=
∏
M∈Max(R)
(1 + ht(M/Q)).
This implies the following results: Theorem 3.3(ii) and Corollary 3.7(ii) of [3].
Corollary 4.3. Let (R, S) be a normal pair with only ﬁnitely many intermediate rings. If
R is semiquasilocal and Spec(R, S) has no Y-graph as a subgraph, then the number of
intermediate rings in [R, S] is given by
|[R, S]| =
∏
M∈Max(R)
(1 + ht(M/Q)),
where Q is the prime of R such that SR\M = RQ.
Corollary 4.4. Let R be a Prüfer domain with only ﬁnitely many overrings. If Spec(R) has
no Y-subgraph as a subgraph, then the number of overrings of R is given by
|[R, qf (R)]| =
∏
M∈Max(R)
(1 + htM).
Proof. It is enough to note that Qi is the {0}-ideal for each Mi in Max(R). 
Remark 4.5. Assume that (R, S) is a normal pair for which S is not a ﬁeld and that R is
a Noetherian domain that is not a Prüfer domain as in Remark 2.5(ii). If R is semilocal
then we can compute the number of intermediate rings. Indeed for each maximal ideal Mi
of R, let Qi be the prime ideal of R such that SR\Mi = RQi , 1 in = |Max(R)|, and
set hi = ht(Mi/Qi). By Corollary 1.8 of [11] we have dim RMi  dim SR\Mi + 1; so that
htMihtQi+1. Therefore it follows by Theorem 3.3(ii) of [3], that |[R, S]|=ni=1(hi+1).
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